Abstract. We introduce the multiplexing of a crossing, replacing a classical crossing of a virtual link diagram with multiple crossings which is a mixture of classical and virtual. For integers m i (i = 1, . . . , n) and an ordered n- 
Introduction
An n-component virtual link diagram is a generic immersed n circles in a plane whose singularities are transverse double points, that are labeled either as a classical crossing or as a virtual crossing as illustrated in Figure 1 .1. Note that we do not use here the usual drawing convention for virtual crossings. Virtual isotopy is an equivalence relation on virtual link diagrams generated by classical Reidemeister moves R1-3 and virtual Reidemeister moves VR1-4 as illustrated in Figure 1 .2. We remark that VR1-4 imply a detour move, which replaces an arc passing through a number of virtual crossings with any other such arc, with same endpoints. Welded isotopy is the extension of virtual isotopy which also allows the move OC as illustrated in Figure 1 .3. (Note that OC stands for Overcrossings Commute.) A welded link is an equivalence class of virtual link diagrams under welded isotopy. M. Goussarov, M. Polyak and O. Viro [1] essentially proved that welded isotopic classical link diagrams are equivalent, that is, they are deformed into each other by classical Reidemeister moves. Therefore, we can consider welded links as a natural generalization of the classical links.
In this paper, we introduce the multiplexing of a crossing for a virtual link diagram, as a local change on a classical crossing shown in Figure 2 The group of a virtual link diagram is known as a welded link invariant [2] . Hence by Theorem 2.1, we have that the group G(D(m 1 , . . . , m n )) of D(m 1 , . . . , m n ) is a link invariant of D. We remark that G(D(m, . . . , m)) is isomorphic to the generalized link group G m (D) defined by A.J. Kelly [3] and M. Wada [7] , independently. 
Multiplexing of crossings
Let (m 1 , . . . , m n ) be an ordered set of integers and (2) is not virtual isotopic to the trivial one [2] . Let D ′ be the trivial knot diagram without crossings, then
which is obtained from D by the multiplexing of the crossing is not virtual isotopic to the trivial knot diagram.
Generalized link groups
Kelly [3] and Wada [7] , independently, introduced a family of link invariants G m (m ∈ Z) which are groups generalizing the fundamental group of the complement of a classical link in the 3-sphere [3, 7] , they proved that G m (D) is a classical link invariant. As we mentioned in Introduction, G (D(m, . . . , m) ) is isomorphic to G m (D). Hence, D(m, . . . , m) gives us a geometrical point of view for G m (D). Moreover, Theorem 2.1 implies that G m can be defined for not only classical link diagrams but also virtual link diagrams, and it is a welded link invariant. It is well-known that the square knot SK and the granny knot GK are a pair of distinct knots with isomorphic fundamental groups. C. Tuffley [6] This theorem together with Theorem 2.1 implies the following. 
Proof of Theorem 2.1
In this section, we will give a proof of Theorem 2.1. Let us first prove the following lemma. Moves C + and C − . Let F be the local move illustrated in Figure 4 .4 which is realized by a detour move. Remark 4.2. By using Arrow calculus, given by J.-B. Meilhan and the third author in [4] , we could prove Theorem 2.1 more simply. It might be also possible to show Theorem 2.1 by using Gauss diagram. While our proof looks complicated, it is done by combining elementary deformations and, in particular, self-contained.
Examples
We are curious to have new classical link invariants from welded link invariants via the multiplexing of crossings. In fact, we have the following example. 
